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University of Chicago, Chicago, Illinois 60637, USA
We construct an effective field theory for quantum Hall states, guided by the
requirements of nonrelativistic general coordinate invariance and regularity of the
zero mass limit. We propose Newton-Cartan geometry as the most natural formalism
to construct such a theory. Universal predictions of the theory are discussed.
PACS numbers: 73.43.-f
I. INTRODUCTION
The fractional quantum Hall (FQH) states [1, 2] are the most nontrivial states in con-
densed matter physics. The observed quantization of the Hall conductivity originates from
nontrivial topological properties of the ground state. The topological nature of FQH states
are also expressed through the ground state degeneracy, nontrivial statistics of quasiparti-
cles, and edge modes. What make the problem of the FQH effect challenging is the crucial
role played by interactions.
Many theoretical approaches have been suggested for the description of the FQH
states. Two closely related approaches—the composite boson [3] and composite fermion [4]
approaches—have the advantages of being field theories, enabling powerful theoretical tools.
However, one serious problem of these approaches is the unnaturalness of the massless limit—
the limit in which the Coulomb energy scale is much smaller than the cyclotron energy. This
problem exhibits itself in the tension between Kohn’s theorem and the existence of excita-
tions at the Coulomb energy scales.
At energies much lower than the gap, it is usually believed that all universal information
about the quantum Hall states is described by a pure Chern-Simons theory (“hydrodynamic
theory”) [5], which encodes the quantized Hall conductivity. There are, however, universal
properties related to transport beside the Hall conductivity, at least in clean systems with
rotation and Galilean symmetries. The Hall viscosity (also called odd viscosity or Lorentz
shear) [6–10] is found to be a robust characteristic of gapped states and is proportional to
the shift [11]. It has also been shown that the q2 correction to the Hall conductivity (q being
the wavenumber of the longitudinal electric field) has a universal coefficient which is related
to the Hall viscosity [12, 13]. These universal characteristics of the quantum Hall systems
go beyond the framework of the conventional hydrodynamic theory.
In this paper, we develop a field-theoretical formalism to capture these new universal
features of quantum Hall systems. We will only concern ourselves with physics at distance
scales much larger than the magnetic length, and energies far below the gap. Universal
2results derived in this paper are valid for the gapped FQH states with ν < 1 as well as
the ν = 1 integer quantum Hall (IQH) state. The formalism makes use of a geometrical
structure called the Newton-Cartan geometry, which was originally developed for the purpose
of reformulating Newton’s gravity in a coordinate invariant way [14–16]. We found that the
mathematical machinery of the Newton-Cartan geometric structure is particularly useful for
developing an effective field theory describing the quantum Hall states.
The structure of the paper is as follows. In Sec. II we review symmetry properties of
the microscopic theory, and the requirements for an effective theory description. Section III
contains a brief overview of the Newton-Cartan geometry. In Sec. IV we construct the most
general effective theory consistent with the requirements put forward in Sec. II. The physical
consequences are derived in Sec. V. Finally, Sec. VI contains concluding remarks.
II. SYMMETRY CONSIDERATIONS
A. Nonrelativistic diffeomorphism
A system of nonrelativistic particles (electrons) has several conservation laws. It is well
known that the conservation of particle number is related to a gauge invariance of the
action describing electrons in an external electromagnetic field. Similarly, conservation of
momentum is related to a gauge invariance in the theory describing electrons interacting with
the gauge field and the metric. Let us first consider the case of noninteracting particles. We
can couple the system to the external gauge field Aµ and the metric hij in the following way,
S =
∫
d3x
√
h
[
i
2
ψ†
↔
Dtψ − h
ij
2m
Diψ
†Djψ +
gB
4m
ψ†ψ
]
, (1)
where Dµ = ∂µ − iAµ, hij is the inverse of hij , h = det hij , B = (∂1A2 − ∂2A1)/
√
h, and g
is the g-factor of the electrons, assumed to be fully polarized. The metric is only a spatial
metric; time is absolute. At the end, we will be mostly interested in physics occurring in flat
space, but introducing the metric turns out to be a useful intermediate step. There are some
ambiguities in the coupling of matter to the metric, but for the purpose of this paper, the
simplest coupling (1) is sufficient. The magnetic moment term in (1) modifies the dynamics
only when the magnetic field is inhomogeneous, but even when B is constant it modifies the
expression for the current ji = δS/δAi, adding to it a magnetization current.
The action is invariant under gauge transformations: δψ = iαψ, δAµ = ∂µα. By direct
computation, one can also verify that it is invariant with respect to time-dependent general
3coordinate transformations, characterized by the gauge parameters ξk(t,x),
δψ = −ξk∂kψ, (2a)
δA0 = −ξk∂kA0 − Akξ˙k + g
4
εij∂i(hjkξ˙
k), (2b)
δAi = −ξk∂kAi − Ak∂iξk −mhikξ˙k, (2c)
δhij = −ξk∂khij − hkj∂iξk − hik∂jξk. (2d)
Here εij = ǫij/
√
h, and ǫij is the totally antisymmetric symbol with ǫ12 = −ǫ21 = 1.
Equations (2) correspond to time-dependent coordinate transformations xk → xk + ξk(t, x).
The g = 0 version of this invariance was considered previously in Refs. [12, 17]. In this
case, the invariance can be thought of as a nonrelativistic limit of a relativistic coordinate
invariance [17]. It has also been shown that interactions can be introduced to the system in
a way which respects the general coordinate invariance [12].
B. Requirements for the effective theory
The problem of finding the electromagnetic and gravitational response of a quantum Hall
fluid is that of finding the effective action S[A0, Ai, hij ]. By the “effective action” here we
simply mean the generating functional that one would obtain, in the path-integral formalism,
if one was able to perform the path integral over the electron field ψ. However such direct
integration is feasible only for IQH states but not for FQH states. We hence will have to
rely on general principles.
Because the quantum Hall states are gapped, S can be expanded in Taylor series over
powers of fields and derivatives. Our goal is only to find the lowest terms in the derivative
expansion of S.
The first requirement is that S is gauge invariant and general coordinate invariant,
S[A0 + ∂0α, Ai + ∂iα, hij] = S[A0, Ai, hij ], (3)
S[A0 + δA0, Ai + δAi, hij + δhij] = S[A0, Ai, hij ] +O(ξ
2). (4)
where in the second equation δA0, δAi, and δhij are given in Eqs. (2). Next, we note that
A0 enters the action (1) only through the combination A0 + gB/4m, hence the electromag-
netic responses of systems with different g-factors are related. Suppose Sg[hij , A0, Ai] is the
effective action determining the response of a system with g-factor g. Then
Sg[A0, Ai, hij ] = Sg′
[
A0 +
g − g′
4m
B,Ai, hij
]
. (5)
Hence if one could find S for one particular value of g, then one would know S for all g’s.
The special value of the g-factor is g = 2. At this value, the lowest Landau level is
completely degenerate at zero energy, even when the magnetic field B is inhomogeneous
and the metric hij is nontrivial [18–20]. In this case, if one sends all higher Landau levels
4to infinite energy by taking m → 0, effective action describing states at the lowest Landau
level should remain finite. Thus, another requirement is the existence of a regular limit
lim
m→0
Sg=2[hij, A0, Ai]. (6)
In particular, for any g 6= 2 the limit m→ 0 in S is singular (unless S does not depend on
A0, which is unphysical). We note that the transformation laws (2) are not singular in the
limit m→ 0.
C. The necessity to improve the standard hydrodynamic theory
After integrating out all dynamical fields, the standard hydrodynamic theory [5] gives a
Chern-Simons action involving the external gauge potential,
SCS[A] =
ν
4π
∫
d3x ǫµνλAµ∂νAλ . (7)
This action encodes the Hall effect with Hall conductivity σxy = ν/2π (in units of e
2/~). On
the other hand, we expect the effective theory to respect the symmetry (2) of the microscopic
theory. Under the general coordinate transformations (2b), (2c), the Chern-Simons action
changes,
δSCS[A] =
ν
2π
∫
d3x εij
(
mEi − g
4
∂iB
)
hjkξ˙
k. (8)
So the action is not invariant under general coordinate transformations unless we take the
limit m = 0 and the g-factor is zero, g = 0. The root of the problem is that, except for this
particular case, A0 and Ai do not transform like the components of a one-form.
Thus we conclude, from symmetries alone, that the Chern-Simons action (7) cannot be
the complete effective action for the quantum Hall states for generic m and g. Can this
action be the complete action in the regime g = 0, m→ 0? It is easy to argue that it cannot
be. Indeed, as noted above, the effective action must be singular in the limit m→ 0 if g 6= 2;
at the same time, (7) is completely regular. Another way to say the same thing is that, if
(7) was the effective action for g = 0, the action for g = 2 would be, according to Eq. (5),
Sg=2[A] =
ν
4π
∫
d3x ǫµνλAµ∂νAλ +
ν
4πm
∫
d3x
√
hB2, (9)
which becomes singular when m → 0, in contradiction with the regularity of the m → 0
limit at g = 2. Thus, (7) cannot be the complete action for any value of g and m.
This conclusion may appear trivial, because generically one expects that, after integration
over ψ, terms with all numbers of derivatives are generated. However, by showing that (7)
does not satisfy the general requirements, we anticipate that some of these higher-derivative
terms are completely fixed by symmetries and regularity in the massless limit.
There is a second deficiency of the action (7): it does not encode the shift and the Hall
viscosity. Before discussing a new, improved action, we need to discuss the Newton-Cartan
geometry that underlies its construction.
5III. NEWTON-CARTAN GEOMETRY
The Newton-Cartan geometric structure first appeared in Cartan’s reformulation of New-
ton’s gravity in coordinate-invariant language [14] and was subsequently developed by oth-
ers (see, e.g., Refs. [15, 16]). We give here a short, self-contained summary of aspects of
Newton-Cartan’s gravity relevant for this work, with special emphasis on the case of (2+1)
dimensions.
A. The geometric structure
A Newton-Cartan geometry is a structure consisting of
• a manifold, on which one can choose any system of coordinates xµ, and where tensors
are defined by transformation properties under coordinate change;
• a degenerate metric hµν with one zero eigenvalue, and all other eigenvalues being
positive;
• a one-form n = nµdxµ, which is a closed form in the torsionless version of Newton-
Cartan geometry;
• A vector vµ, called the velocity vector, which satisfies n · v = 1.
From (hµν , nµ, v
µ) one can define a unique metric tensor with lower indices hµν by requiring
hµλhλν = δ
µ
ν − vµnν , hµνvν = 0. (10)
A symmetric connection can be introduced,
Γλµν = v
λ∂µnν +
1
2
hλρ (∂µhνρ + ∂νhµρ − ∂ρhµν) . (11)
It is easy to check that (11) transforms as required for a connection. Covariant derivative
defined with the connection (11) possesses many interesting properties:
∇λhµν = 0, ∇λnµ = 0, hα[µ∇ν]vα = 0, (12)
vλ∇λhµν = 0, vλ∇λvµ = 0, hµαhνβ∇λhαβ = 0, hα[µ∇αvν] = 0. (13)
In fact, the connection (11) is uniquely determined if one requires three conditions in
Eqs. (12).
The Newton-Cartan structure arises naturally from dimensional reduction along a light-
cone direction. Consider a space with one extra dimension, parameterized by the coordinates
xM = (x−, xµ), and with the metric
ds2 = GMNdx
MdxN = 2nµdx
−dxµ + hµνdx
µdxν (14)
6The metric of this space is not degenerate and so can be inverted,
GMN =
(
0 nν
nµ hµν
)
, GMN =
(
0 vν
vµ hµν
)
. (15)
The Christoffel symbols ΓLMN , when indices are restricted to those different from x
−, coincide
with (11).
The Newton-Cartan formalism allows equations to be written in any system of coordi-
nates. However, there is a special class of coordinate systems where the time x0 is chosen
to be the “global time.” The global time t is defined through n: n = dt (recall that n
is a closed one-form). We will call any coordinate system where t is chosen as the time
coordinate, x0 = t, a global-time coordinate system. Note that after fixing x0 = t, there is
still a freedom of choosing the spatial coordinates xi. This gauge freedom is parameterized
by the functions ξi(t,x), corresponding to xi → xi′ = xi + ξi(t,x).
In global-time coordinate systems the components of nµ are nµ = (1,~0). Due to h
µνnν =
0, in such a coordinate system the components of hµν are
hµν =
(
0 0
0 hij
)
. (16)
The velocity vµ and hµν can be parameterized through the spatial components of the velocity,
vi,
vµ =
(
1
vi
)
, hµν =
(
v2 −vj
−vi hij
)
, (17)
where, hij is the inverse matrix of h
ij and, for notational convenience, we denote vi = hijv
j
and v2 = vivi. (Note: vi are not the spatial components of a spacetime co-vector, and v
2 is
not the square of a spacetime vector).
Under spatial reparameterization (ξ0 = 0) the form (16) is preserved while hij transforms
as
δhij = −ξk∂khij − hik∂jξk − hkj∂iξk. (18)
Notice that this is the same as Eq. (2d). Later in our construction of the Newton-Cartan
geometry of the quantum Hall states, the external metric hij will play the role of the spatial
metric of the geometry. The spatial components of the velocity vector vi transform as
δvi = −ξk∂kvi + vk∂kξi + ξ˙i. (19)
The last term in Eq. (19) justifies calling vi the “velocity.” For example, under a Galilean
boost with ξi = V it, one has vi → vi + V i.
The Newton-Cartan geometric structure can be visualized as a collection of Riemannian
spaces, one space at each moment of time, with a spatial metric on each time slice and with
a velocity field connecting Riemannian spaces at different times. Parallel transport within
a time slice can be done with the use of the metric hij , but parallel transport from one time
slice to another requires the velocity vector vi.
7B. The shear tensor
The shear tensor σµν can be defined without using the connection as
σµν = £vhµν = v
λ∂λhµν + hλν∂µv
λ + hµλ∂νv
λ. (20)
The shear tensor is symmetric and satisfies vµσµν = 0. The covariant derivatives of v
µ and
hµν then can be expressed in terms of the shear tensor,
∇µvν = 1
2
σµλh
λν , ∇λhµν = −σλ(µnν). (21)
In a global-time coordinate system, the spatial components of the shear tensor are
σij = ∇ivj +∇jvi + h˙ij , (22)
where the covariant derivatives in the last equation are defined with respect to the spatial
metric hij. This justifies the name “shear tensor.” The other components of σµν are uniquely
fixed by vµσµν = 0. From σµν we can construct the traced and traceless part,
σ = hµνσµν = 2∇µvµ, σˆµν = σµν − 1
d
hµνσ, (23)
where d is the number of spatial dimensions. In the rest of this paper we take d = 2.
C. The spin connection
The spin connection plays an important role in our construction of the effective action
for the quantum Hall state. We assume the Newton-Cartan space is (2 + 1) dimensional,
Let us define at each point a pair of vectors (a vielbein) eaµ, a = 1, 2 so that nµe
aµ = 0 and
hµν =
2∑
a=1
eaµeaν . (24)
By lowering the index we can define eaµ = hµνe
aν with the properties
hµν =
2∑
a=1
eaµe
a
ν , v
µeaµ = 0. (25)
We will also chose to orient the basis vectors ea so that ǫλµνǫabnλe
a
µe
b
ν > 0.
The spin connection can be defined as
ωµ =
1
2
ǫabeaν∇µebν . (26)
In global-time coordinate systems, the vielbein vectors have components
eaµ = (0, eai), eaµ = (−vieai, eai ), (27)
8and the components of the spin connection are
ω0 =
1
2
(
ǫabeaj∂0e
b
j + ε
ij∂ivj
)
, (28)
ωi =
1
2
(
ǫabeaj∂ie
b
j − εjk∂jhki
)
. (29)
The last term in ω0 is the vorticity if vi is interpreted as the velocity field of a flow. The
spin connection ωµ transforms like an abelian gauge field under O(2) local rotation of the
vielbein ea. The field strength tensor ωµν = ∂µων − ∂νωµ is independent of the choice of the
vielbein; its spatial component is the scalar curvature:
ω12 = ∂1ω2 − ∂2ω1 = 1
2
√
hR. (30)
IV. EFFECTIVE FIELD THEORY OF THE QUANTUM HALL STATE.
A. Improved gauge potentials
Let us recall that (7) does not respect diffeomorphism invariance, since Aµ does not
transform as a one-form. To write down a diffeomorphism invariant action, we imagine the
quantum Hall state to live in a Newton-Cartan geometry. The external metric hij transforms
correctly under spatial coordinate transformations and hence can be taken as the metric of
the Newton-Cartan geometric structure. We lack, however, a ready-made velocity field vµ,
but for a moment let us assume that such a field has somehow emerged dynamically. With
vµ at hand, let us consider the following object,
A˜0 = A0 − m
2
v2 − g
4
εij∂ivj , (31)
A˜i = Ai +mvi, (32)
where vi = hijv
j , v2 = vivi. This object is interesting for the following reason. First, under
gauge transformations, A˜µ transforms like a gauge potential: A˜µ → A˜µ+∂µα. Second, using
Eqs. (2) and (19), we find that A˜µ transforms like a one-form under diffeomorphism,
δA˜µ = −ξλ∂λA˜µ − A˜λ∂µξλ, (33)
where ξµ = (0, ξi). Thanks to these properties, A˜µ will be especially useful for our future
discussion.
B. A Chern-Simons effective action
We will search for an action S[Aµ, hij ] with the required symmetry properties. First we
perform a Legendre transform of the action with respect to the transverse part of Aµ to
write
S[Aµ, hij] = Sj [j
µ, hij]−
∫
d3x
√
h jµ(∂µϕ− Aµ). (34)
9Sj [j
µ, hij ] contains the same amount of information as S[Aµ, hij]. Extremizing the right hand
side of Eq. (34) with respect to jµ and ϕ we should obtain the functional S[Aµ, hij]. We
note that, since the action S[Aµ, hij ] contains a Chern-Simons term, the action Sj contains
a nonlocal contribution. To separate out this contribution we introduce a gauge field aµ and
rewrite the action as
S =
ν
4π
∫
d3x ǫµνλaµ∂νaλ −
∫
d3x
√
h jµ(∂µϕ−Aµ + aµ) + S locj [jµ, hij], (35)
where S locj is now a local functional of its variables. Next denote j
µ = ρvµ, vµ = (1, vi).
Since jµ transforms like a vector, vµ is also a vector. The action (35) is still not written in
an explicitly invariant form since Aµ does not transform like a one form. Thus we separate
out a part from S locj ,
S locj [j
µ, hij] = S
′[ρ, vi, hij] +
∫
d3x
√
h ρ
(
mv2
2
− g
4
εij∂ivj
)
. (36)
Then Eq. (35) becomes
S =
ν
4π
∫
d3x ǫµνλaµ∂νaλ −
∫
d3x
√
h ρvµ(∂µϕ− A˜µ + aµ) + S ′[ρ, vi, hij]. (37)
Since the two first terms are diffeomorphism invariant, S ′[ρ, vi, hij] should also be diffeomor-
phism invariant.
C. Coupling of composite boson to spin connection
We now show that there is a universal contribution to S ′ responsible for the shift and the
Hall viscosity of the quantum Hall liquid. Before giving a general argument, it is instructive
to go over a heuristic argument based on the flux attachment procedure.
Assume we are dealing with a Laughlin fraction, where ν = 1/(2p+1). The variable ϕ in
Eq. (37) can be interpreted as the phase of the condensate of “composite bosons,” obtained
from attaching 1/ν = 2p + 1 flux quanta to the original fermions. We now argue that in
a curved background, such composite bosons should couple to the metric through the spin
connection.
Let us recall that the shift S is defined as the offset in the linear relationship between
the number of particles in the ground state of a quantum Hal state and the number of
magnetic flux quanta Nφ: Nφ = ν
−1N − S [11]. For definiteness let us take ν = 1/3, where
S = 1/ν = 3, and consider the ground state on a sphere. For 3N flux quanta through the
sphere, there are N + 1 electrons in the ground state. Let us perform the standard flux
attachment procedure, attaching −3 statistical flux quanta to each electron. The total flux
through the sphere is now 3N − 3(N + 1) = −3. This seems to contradict the fact that the
composite bosons form a condensate without any vortices. (Note that this problem does not
arise on a torus.) To resolve this problem, one needs to assume that the composite boson
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is coupled to the spin connection, so that the curvature of the sphere supplies the missing 3
flux quanta. The total curvature flux through a sphere is 2, so the composite boson should
carry charge 3/2 with respect to the spin connection.
Thus we have found that for a general Laughlin’s fraction ν = 1/(2p + 1), the spin
connection charge of the composite boson is s = 1/2ν. This means that the covariant
derivative of the condensate phase ϕ should be defined as
Dµϕ = ∂µϕ− A˜µ − sωµ + aµ. (38)
We now present the general argument. If ϕ couples to the gauge field and the metric as
in Eq. (38), then on a closed manifold, the field ϕ can be free of singularities only if the
total flux of the gauge field coupled to it, Aµ + sωµ − aµ, through the whole space is zero:∫
d2x
√
g
(
B +
s
2
R− b
)
= 0, (39)
where we have used Eq. (30). Notice, however, that variation of the action (37) with respect
to a0 implies ρ = νb/2π. Thus, the equation above reads Nφ + sχ− ν−1N = 0, where χ is
the Euler characteristics of the manifold. Since χ = 2 for a sphere, the relationship between
s and the shift S is s = S/2.
D. The action
From the previous discussion, we separate a term proportional to ρvµωµ from S
′ and
write the action in the final form,
S =
∫
d3x
( ν
4π
ǫµνλaµ∂νaλ −
√
hρvµDµϕ
)
+ S0[ρ, v
i, hij], (40)
with Dµϕ defined in Eq. (38).
So far we have not assumed any particular value for g. It is useful to assume that (40) is
written for g = 2, so that S0 is regular in the limit m→ 0. For a general g, we use Eq. (5)
to write
Sg =
∫
d3x
(
ν
4π
ǫµνλaµ∂νaλ −
√
h ρvµDµϕ+
g − 2
8m
ρǫµνλnµF˜νλ
)
+ S0[ρ, h
µν , nµ, v
µ]. (41)
Note that the definition of A˜µ involves g, and that the new term modifies the electromagnetic
current:
jµ =
δSg
δAµ
= ρvµ +
g − 2
4m
ελµνnλ∂νρ. (42)
The action (41) satisfies all conditions outlined in Sec. (II B). From construction, we should
regard all the fields that have been introduced (ρ, vi, aµ, ϕ) as dynamical fields, with respect
to which the action is extremized.
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Except for one possible topological term,
∫
ωdω, all contributions to S0 depend on micro-
scopic physics, and hence non-universal. The term
∫
ωdω does not affect quantities computed
later in Sec. V. A full classification of all possible terms in S0 is beyond the scope of this
paper. Some of these terms are
S0 = −
∫
d3x
√
h
[
ǫi(ρ) + α1(ρ)h
µν∂µρ∂νρ+ α2(ρ)h
µαhνβσˆµν σˆαβ + α3(ρ)σ
2
+ α4(ρ)v
µωµνh
νλ∂λρ+ · · ·
]
, (43)
where ǫi, α1, α2, etc. can be arbitrary functions of ρ. The function ǫi has the meaning of
the interaction energy of the quantum Hall state with density ρ.
Our formalism is applicable equally for gapped FQH states with ν < 1 and the IQH
state with ν = 1. The difference between them is only in S0. For example, by dimensional
counting, the coefficients α2 and α3 in Eq. (43) should be proportional to the the inverse
Coulomb gap in the FQH case and the inverse cyclotron energy in the IQH case.
Putting Eq. (41) to flat space we find the Lagrangian
L = ν
4π
ǫµνλaµ∂νaλ +
mρv2
2
− ρD0ϕ− ρviDiϕ+ s− 1
2
ρ∇× v + g − 2
4m
ρB + S0[ρ, v
i], (44)
where in this equation Dµϕ = ∂µϕ − Aµ + aµ, ∇× v ≡ ǫij∂ivj . The field equations can be
obtained by varying the action,
ρ =
ν
2π
b , (45a)
ρvi =
ν
2π
ǫijej , (45b)
mv2
2
−D0ϕ− viDiϕ+ s− 1
2
∇× v + g − 2
4m
B +
δS0
δρ
= 0 , (45c)
mρvi − ρDiϕ+ s− 1
2
ǫij∂jρ+
δS0
δvi
= 0 . (45d)
E. Comparison to the bosonic Chern-Simons theory
Let us compare the action obtained above with that of the standard bosonic Chern-Simons
theory [3]. The latter is summarized by the following Lagrangian,
L = ν
4π
εµνλaµ∂νaλ + iψ
†D0ψ − 1
2m∗
Diψ
†Diψ − V (ψ†ψ). (46)
Changing variables to ψ =
√
ρeiϕ, it becomes
L = ν
4π
εµνλaµ∂νaλ − ρD0ϕ− ρ
2m∗
|∇ϕ|2 − |∇ρ|
2
2m∗
− V (ρ). (47)
To bring the Lagrangian to the form similar to Eq. (44), we introduce an auxiliary field vi,
L = ν
4π
εµνλaµ∂νaλ − ρD0ϕ− ρviDiϕ+ m∗ρ
2
v2 − |∇ρ|
2
2m∗
− V (ρ). (48)
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One can see some similarities with Eq. (44), but there are obvious differences. One difference
is the term containing s in Eq. (44). As it is clear from the calculations in the next Section,
this term is essential to reproduce correct next-to-leading order corrections to electromag-
netic response at finite wave numbers. The field equations following from Eq. (48) can be
interpreted as the Euler hydrodynamic equation of a fluid with a constraint relating the den-
sity and the vorticity [21]. Equations (45) can also be recast as hydrodynamic equations,
but the form of the equations is more complicated and we will not write them down here.
We only note that these equations contain the information about the Hall viscosity, absent
in the Euler equation of Ref. [21].
V. PHYSICAL CONSEQUENCES
We discuss some implications of the hydrodynamic theory. We will concentrate on linear
response to external field.
A. Gravitational response: Hall viscosity
Let us turn on a weak time-dependent, spatially uniform, and traceless gravitational
perturbation,
hij = δij + h˜ij(t), h˜ii = 0. (49)
Due to rotational symmetry, such a perturbation cannot excite, to linear order, perturbations
of ρ and vi. The action then reduces to
S = sρ
∫
d3xω0 =
1
2
sρ
∫
d3x ǫjkh˜ij∂0h˜ik , (50)
from which we find that the Hall viscosity is
ηH =
ρs
2
=
ρS
4
. (51)
This relationship was derived in Ref. [10].
B. Electromagnetic response: preliminaries
We now assume the space is flat, and discuss linear response to electromagnetic pertur-
bations. Such linear response is parameterized by the polarization tensor Πµν ,
jµ(ω,q) = Πµν(ω,q)Aν(ω,q). (52)
Current conservation restricts the form of Πµν to three independent functions, Π0,1,2(ω,q),
Π00 = q2Π0, (53)
Π0i = ωqiΠ0 − iǫijqjΠ1, Πi0 = ωqiΠ0 + iǫijqjΠ1 (54)
Πij = ω2δijΠ0 + iǫ
ijωΠ1 + (q
2δij − qiqj)Π2. (55)
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In order to find Πµν we consider small perturbations
B = B0 + B˜, Ei = 0 + Ei, ρ = ρ0 + ρ˜, v
i = 0 + vi, etc. (56)
where ρ0 = νB0/2π. The linearized equation can be written as
ρ˜+
(s− 1)ν
4πρ0
∇2ρ˜ = ν
2π
(
δB +m∇× v + 1
ρ0
~∇× δS0
δ~v
)
, (57)
mv˙i − ǫijB0vj − s− 1
2
[ǫij∂j(∇ · v) + ∂i(∇× v)] + 1
ρ0
∂t
δS0
δvi
− ∂i δS0
δρ
= Ei +
g − 2
4m
∂iB.
(58)
After solving these equations for ρ˜ and vi, the current can be computed from Eq. (42).
Clearly, a full calculation of Πµν requires a knowledge of S0. However, certain statements
about the behavior of Π0,1,2 at small q can be made without knowing the coefficients of terms
appearing in S0 [Eq. (43)]. We will present the results, mostly without detailed derivations,
as they follow in a quite straightforward manner from the linearized equations above.
C. Π0, Kohn’s theorem, and static susceptibility
First, for Π0
Π0 =
νm
2π
B0
B20 −m2ω2
+O(q2). (59)
The fact that the Π0 is completely determined at q = 0 is the content of Kohn’s theorem: the
response of the system to homogeneous electric field is independent of interactions. It is still
instructive to derive Kohn’s theorem directly from the field equations. Consider a situation
when the magnetic field is uniform, and the electric field is uniform and time-dependent
E(t). In this case we expect ρ to remains constant and vi = vi(t). Eq. (58) now becomes
mv˙i = Ei + ǫijvjB, (60)
which is just the equation of motion of the center of mass, which is independent of interac-
tions.
The static susceptibility is
χ(q) = −Π00(0, q) = − νm
2πB0
q2 +O(q4). (61)
In the limit m → 0 the q0 part of Π0 vanishes, as the q2 term in χ(q). The first nonzero
contribution (q2 in Π0 and q
4 in the static susceptibility) comes from the σˆ2 term in S0.
D. Π1, density in inhomogeneous magnetic field, and Hall conductivity at finite
wavenumbers
Next, for Π1 we expand over q
2,
Π1(ω, q) = Π
(0)
1 (ω) + (qℓB)
2Π
(2)
1 (ω), ℓB =
1√
B
. (62)
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The q0 part is determined completely
Π
(0)
1 (ω) =
ν
2π
B2
B2 −m2ω2 . (63)
but Π
(2)
1 is universal only at zero frequency, and narrowly speaking only in the limit m→ 0.
For a nonzero m we need to know the interaction energy as a function of ρ, ǫi(ρ),
Π
(2)
1 (0) =
ν
2π
[s
2
− 1 + g
4
− νm
2π
ǫ′′i (ρ0)
]
. (64)
There are two physical predictions one can draw from Π1. For simplicity let us take
the limit m → 0. The first prediction is a formula giving the number density in an static
inhomogeneous magnetic field,
ρ =
ν
2π
B −
(s
2
− 1 + g
4
)
∇2 lnB +O(∇4). (65)
One can show that this relationship, as written, remains valid when the variation of B is
not small but of order 1.
The second prediction is for σxy at finite wavenumber q. We assume that the magnetic
field B is constant and there is a static scalar potential A0(x), inducing a static longitudinal
electric field E =∇A0. The Hall current is
j =
ν
2π
[
E−
(s
2
− 1 + g
4
)
ℓ2B∇2E
]
× zˆ. (66)
In particular, when g = 0 the result of Ref. [12] is reproduced. Formulas similar to Eqs. (65)
and (66) were obtained in Refs. [22, 23]. In fact, the action (44) without the S0 term
coincides with the one proposed in Ref. [23].
E. Π2 and current in static inhomogeneous magnetic field
Π2 is singular if g 6= 2 in the limit m→ 0, and the leading m−1 behaviors of the q0 and
q2 terms, at zero frequency, are universal,
Π2(0,q) = −(2− g)ν
4πm
[
1 +
(
s
2
− 3
4
+
g
8
)
(qℓB)
2
]
+O(m0, q4). (67)
This expression determines the current in a static inhomogeneous magnetic field,
ji = −(2− g)ν
4πm
ǫij
[
1−
(
s
2
− 3
4
+
g
8
)
ℓ2B∇2
]
∂jB. (68)
For g = 2, however, the first term in Π2(0, q) is m
0 and not universal.
The results that we derived is valid for any gapped quantum Hall states with Galilean
invariance. Thus, they can be verified for the simplest integer quantum Hall state of non-
interacting electrons with ν = 1. For this case, the polarization tensor has been computed
previously [24], and the results can be checked to agree with our results when one puts in
the latter g = 0 and s = 1/2.
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VI. CONCLUSION
In this paper we have shown how one can construct an effective field theory of the quantum
Hall state which respects nonrelativistic diffeomorphism invariance. The most convenient
mathematical framework turns out to be the Newton-Cartan geometry, previously considered
in the literature in a different context. One of the most attractive features of the formalism
is regularity of the massless limit m → 0. The action cleanly separates universal physics
from non-universal physics. The latter is is parameterized by an action S0, whose form
is restricted by the Newton-Cartan symmetry. Even without any dynamical information,
one can already make several predictions, including the q2 correction to the static Hall
conductivity.
In this paper we have concentrated our attention to the regime of very low frequencies.
To treat the physics at the scale of the Coulomb gap, we need to know more information
about the non-universal part of the action, S0. Knowing that S0 depends on the Coulomb
energy allows us to conclude, for example, that the q2 part of the Hall conductivity Π1 has
nontrivial frequency dependence at the Coulomb energy scale. This is consistent with the
results of Ref. [13].
In our formalism, among the components that make up the Newton-Cartan geometry,
only the velocity vi is treated as a dynamical variable. The metric hij is simply the back-
ground metric. On the other hand, it has been suggested recently [25] that some “internal
metric” plays the role of a dynamic degree of freedom in FQH systems. We hope that fu-
ture investigations will elucidate the connection between our approach and the suggestion
of Ref. [25].
Finally, the implications for edge modes, for quasiholes and quasiparticles need to be
investigated. The insights that we obtain in this paper may be useful for the construction
of holographic models of quantum Hall systems.
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